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Abstract

We apply techniques of Painlevé—Kowalewski analysis to a Hamiltonian system arising from sym-
metry reduction of the Ricci-flat Einstein equations. In the case of doubly warped product metrics on
aproduct of two Einstein manifolds over an interval, we show that the cases when the total dimension
is 10 or 11 are singled out by our analysis. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we continue our study of reductions of the Einstein equations to ordinary
differential equations [5,6]. One way to perform this reduction is to assume that a Lie group
G acts isometrically on an Einstein manifold (M, g) with generic orbit type G/K of real
codimension one. The Einstein equations then become a constrained Hamiltonian system
of ODEs in a variable transverse to the orbits. The phase space of our Hamiltonian system
is the cotangent bundle of the space M (G/K) of G-invariant Riemannian metrics on G/K
equipped with its canonical symplectic structure. We stress that only those trajectories which
lie on the O-level set of the Hamiltonian are solutions of the Einstein equations.

The situation is simplest if in the isotropy representation of G/K

Bt=pi® - Dp,
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the summands are pairwise inequivalent as K -modules. To describe our Hamiltonian system
more precisely in this case, we will choose a homogeneous background metric on the
principal orbit. Then any other homogeneous metric on this orbit is obtained by scaling the
background metric on p; by scalars f[.2 for each i. The cohomogeneity one metric on M is
described by a one-parameter family of such metrics; we now view the fl.2 as functions of
the arclength coordinate # on a geodesic orthogonal to the orbits. Now ¢ is the time parameter
for the Hamiltonian flow.

Next we define position variables ¢ = (g1, ..., q,)bye? = fi2 andletp = (p1,..., pr)
be the conjugate momentum variables. We obtain a symplectic isomorphism 7* (M (G/K))
~ T*R", the latter being equipped with the standard symplectic structure.

To describe the Hamiltonian, let d = (dy, ..., dr) where d; is the real dimension of p;,
and letn = ) ;_,d; be the dimension of the principal orbit. So n + 1 is the dimension of
our Einstein manifold M, whose Einstein constant will be denoted by A. Finally, we write
the scalar curvature S of the principal orbit as

Z A, e
wew

for certain nonzero constants A,,, where the index set VV is a finite set of vectors in R” (with
integer components) determined by G/K.
In [5] we introduced the Hamiltonian

H=e /249, 5,T 4 o1/2dq ((n —DA-— ZAw eW) , (1.1)

w
where the symmetric matrix J has components

1 1 I 1
n—1 d;’ v

Ji = , I #£]j.
Note that J defines a nondegenerate quadratic form on R*" of signature r — 2.

We showed in [5, Section 1], that the Einstein equations are then just the Hamiltonian
flow subject to the constraint H = 0. The components of the equations tangent to the
orbit are Hamilton’s equations for H, while the constraint comes from the component of
the equations normal to the orbit. The equations in mixed directions hold automatically
because we are assuming the summands are pairwise distinct.

We were particularly interested in investigating the existence of conserved quantities for
this constrained flow. More precisely, we sought solutions F, ¢ of the equation

{F,H} = ¢H. (1.2)

When the number r of irreducible summands is greater than two, we showed that for
a wide class of orbit types there are no nontrivial solutions which are polynomial in the
quantities p;,e?/. When r = 2, the quadratic form J splits into linear factors and our
techniques for showing nonexistence did not apply. In fact there are some examples known
of conserved quantities of the constrained flow in this case. Moreover, even though the
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Poisson bracket in (1.2) vanishes only on {H = 0}, it was possible to use these conserved
quantities to integrate the Einstein equations by quadratures. These examples are as follows:

O W = {(0,—-1), (—1,0)}. In this case G/K is a product of two (nonflat) isotropy
irreducible spaces, or more generally, a product of two Einstein, nonRicci-flat, manifolds
(Y;, gi) of dimension d; (i = 1, 2). In particular d; > 1. The Hamiltonian flow (with the
constraint) is now the Einstein system for a doubly warped product metric on M of the form

de? + f1(0)°81 ® f(1) g
In [6] we found conserved quantities when A = 0 for the following values of d, d>:
{d1,d2} = {5, 5}, {3, 6}, {2, 8}. (1.3)

Note that in these cases M has dimension 10 or 11, and {d, d»} are the positive integral
solutions of the condition dy(d] — 1) = 4d;.

(I w = {(, —1), (1, =2)}. If d, is even, then, for certain values of dj, this case can
be realised geometrically by letting the total space of certain torus bundles over products
of Fano manifolds play the role of G/K (see Remark 7.7).

When d; = 1, Bérard Bergery [3] and Page and Pope [8,9] found explicit Einstein
metrics. We observed in [6, Section 1] that in this situation, for any A, there is a conserved
quantity satisfying (1.2). In addition, in [6, Section 6] we found solutions to (1.2) whenever
A =0anddi(d» —9) = 4d>.

In [6] the above conditions on d; and d> arose from an ansatz for constructing solutions
of (1.2) of a particularly simple form. It is not clear, however, whether these conditions are
really necessary for integrability.

Letus now recall the celebrated work of Kowalewski [7] on integrable rotating rigid bodies
in classical mechanics. The method she introduced to help in identifying the integrable cases
has since been developed and modified by many mathematicians, most notably by Painlevé,
and more recently by Ablowitz et al. [1,12]. This group of techniques is called Painlevé
analysis and we shall apply it in this paper to study cases (I) and (II) for arbitrary values of
dy and dp.

A good exposition of the Painlevé test is given in [1,12]. It applies to any system of ODEs
(indeed also to PDEs), not just Hamiltonian systems. The heuristic idea is that integrability
should be associated with large families of solutions which are meromorphic with movable
singularities. The steps are as follows:

1. Find the leading powers of the solution series in powers of the independent variable s,
where s = 0 is a movable isolated singularity. For the system to pass the Painlevé test,
we need these powers to be integral and at least one of the solution series to blow up.

2. Compute the resonances, i.e. the steps in the expansion at which a free parameter may
enter. This corresponds to the noninvertibility of the linear operator in the recursion
relation for the series expansion.

3. Check the compatibility conditions at each resonance, i.e. check that the recursion rela-
tion can be solved at each resonance.
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4. Check that the solution series actually converge in a deleted neighbourhood of the sin-
gularity.

A system of equations is said to pass the Painlevé test if there is a family of meromorphic
solutions depending on the maximal number of parameters. Such a situation is regarded
as a strong indicator of integrability. However, weaker forms of the Painlevé test, such as
the existence of expansions meromorphic in some rational power of the variable, or the
existence of expansions depending on a large but nonmaximal number of parameters, have
also proved valuable in indicating nice properties of a system even if these may fall short
of full integrability [10,11].

We shall apply Painlevé analysis to the system of equations (2.3)—(2.6), which, together
with the constraint, is equivalent under a change of variables to the Einstein equations for
cases (I) and (II).

In case (I) we find that all resonances are rational precisely when n = 9 or 10, i.e. when
the Einstein manifold has dimension 10 or 11 (for other values we have only two rational
resonances).

In fact (see Theorem 6.1) if n = 9 or 10 then the equations have a three-parameter
family of solutions with convergent Painlevé expansions in powers of a rational power of
s. If di = d» = 5, we actually have a full four-parameter family (see Remark 6.2) for the
particular significance of the values of d; given by (1.3)).

In case (II), we find that if d> is even or if d| (d> — 9) = 4d>, there is a full four-parameter
family of convergent Painlevé expansions in rational powers of s (see Theorem 7.6) (see
Section 7 for further results about nonmaximal families of Painlevé expansions).

In all cases the constraint corresponds to fixing the parameter corresponding to the top
resonance.

Finally, we mention that our analysis applies equally well to the case of Lorentz metrics
of the form —dr? + g, where g; is a path of homogeneous metrics on G/K as above. The
only difference is that in the Hamiltonian (1.1) the constants A and A,, are then replaced
by —A and —A,,. None of our arguments uses the sign of these constants.

2. The equations

In order to apply the Painlevé test, we would like to make symplectic changes of variables
such that the Einstein equations involve only polynomial terms.

To this end we first replace the Hamiltonian flow of (1.1) subject to the constraint H = 0
by an equivalent flow of a slightly simpler Hamiltonian H subject to the constraint H=o0.
We begin by diagonalising the quadratic form defined by J.

Choose a matrix C such that

c7Hu(EC™HT = diag(ur, ..., ).
Next we choose new symplectic coordinates «, 8 defined by

q = Ca, B =pC,
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and define vectors d, w by
d=dcC, w = wC.
Then

r

H= e_(l/z)‘i'“ZMiﬁ,-z +e/Dda ((n -HA - ZAw e“_}""> .
w

i=1

Note that e(!/2?® represents the volume of the principal orbit relative to the volume of the
background metric. Hamilton’s equations are now

i ] i _ } _ d
('xkzzef(l/z)d'aﬂkﬂk, ﬂk:e(l/Z)d-a <Z(d + ‘J})kAw ew~a _ dk(”l _ I)A) +EkH
w
We can now introduce a new independent variable s by

4t _ e

ds
Denoting differentiation with respect to s by a prime, the equations become
o = 2B @1
/ d-a T wa _ 3 di -
B =D (d+b)Aye™ —di(n — 1A +H. (2.2)
w

where H = ¢(1/2d-aH
N_ow, when H (and hence H) is zero, Egs. (2.1) and (2.2) are exactly Hamilton’s equations
for H. We have therefore deduced

Proposition 2.1. The Einstein equations are equivalent to the Hamiltonian flow of H with
the constraint H = 0.

Remark 2.2. The Hamiltonian H is somewhat similar to that for r particles with exponential
nonnearest neighbour interactions first introduced by Bogoyavlensky [4] and analysed in
detail by Adler and van Moerbeke [2]. Two important differences, however, are that our
kinetic energy term has Lorentz signature and that our potential energy term need not have
exactly r+ 1 terms with positive coefficients. Nevertheless, the change of variables described
in [2, p. 89], can be modified to bring our equations into a nice form for the Painlevé test.

We now specialise to the situation when the number of summands r is equal to two,
and, furthermore, the set VW of weight vectors in the formula for the scalar curvature of the
principal orbit has exactly two members, which will henceforth be denoted by v and w.

As mentioned earlier, before we apply the Painlevé test we would like to further change
coordinates so that the equations involve polynomial rather than exponential terms. Ac-
cordingly, we let
<J+ﬁ)-a’ (ai+w>-a’

xp=e Xy)=¢e
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where v = vC and w = wC, and let y; denote the corresponding momentum coordinates.
Denoting by U the matrix

di+vi dr+ v
di+w d+w)’

and letting U = UC, we find that
(1) (222
o log x>
The momentum coordinates y satisfy

_ Zjlgj[]ﬁ

Xi

Vi
and so
B=(xiyi xy)U.
If we define
§=—dUu ',
we obtain
£ log x| + & logxy = —da,

SO

da _ —&1_—&8
et = Ty

Writing A1, A; for Ay, Ay, respectively, we see that the modified Hamiltonian is now

X1

H=(x X E
(x1y1 x2y2) <x2y2

) — Aixi — Agxa 4 (n — 1) Ax; 9 x5 2,
where E = UJU'. In particular, the entries of E can be easily computed using the formula
just before Theorem 4.27 in [5].

Therefore, in the (x, y) coordinates Hamilton’s equations become

xp = 2E11x12y1 +2E12x1x2)2,

xy = 2E1x1x2y1 + 2E22x§y2,

_E—1 —
¥y = —2Enx1y} — 2Epxayiys + A+ (n — 1) Agix; 2 x, B,

& 61
Vh = —2Enxiyiys — 2Enxays + As 4+ (n — D A& 27

For the remainder of the paper we specialise to the Ricci-flat case. Setting u; = x;y;, and
rescaling x; to set the constants A; to 1, we finally obtain the equations

x; =2xi1(Ejiu; + Enpuz), (2.3)
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x5y =2x2(Erui + Expu), (2.4)
uj = xi, (2.5)
”/2 = X2, (2.6)

where the matrix E is given by

di —1 !
Ey;p Ep d;
= p 2.7)
Ep Ex 1 21
dr
in case (I) and by
dry — 1 dy —2
d d
E= 2 2 (2.8)
dy—2 didy —dr — 4d;
dp didy

in case (IT). The modified Hamiltonian becomes
H =E11u%+2E12u1u2+E22u§—x1 — X3. 2.9)

(In the Lorentz case, some of the constants A; may be negative. Our rescaling means that
the corresponding x; are negative.)

Remark 2.3. Note that while x;, u; are not symplectic coordinates for the standard sym-
plectic structure on T*Ri, they are symplectic coordinates for the variable coefficient
symplectic structure

2 = xl_1 dx; Adu +x2_1 dxy A dup,

and the above equations are the canonical equations for H in this symplectic structure. The
same remark applies when A is nonzero.

We shall first study case (I) of Section 1, i.e. when v = (—1,0), w = (0, —1). In this
case we look for Ricci-flat metrics of the form

A + A e ® (1) e,

where g; are Einstein metrics on spaces Y; of real dimension d; > 1. (If d; = 1 for some
i then A; = 0 and we are in a situation considered by Bérard Bergery [3].) We leave case
(II) to Section 7.

Remark 2.4. In terms of these new variables, the conserved quantities found in [6] are

F = (—En(u + uz)* + x1)x 152,
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where
_(di+Dd-1 _di = 1D)(d2=2)
2n—1 2T T 2m o

and (d1, d2) = (3, 6), (2,8) or (5, 5).
We can check this directly from (2.3)—(2.6). We have chosen K1, K3 so that

K| =

b

—K1E11—K2E12=%E11, (2.10)

—K1E;p — KyExp = Ep. (2.11)
Moreover, for these values of d; we have the relation

1En =2(1 - En). (2.12)

Now differentiating F', and using (2.3)—(2.6) and (2.10)—(2.12), we find after some calcu-
lation that

F' =E;(u; + %ug)le'xzkzl:l.

So F is a conserved quantity for the flow on the hypersurface H=0.

3. Leading powers

We shall now begin the Painlevé analysis of equations (2.3)—(2.6) in case (I). Let us first
find the possible leading powers for expansions for x;, u; about a singularity at s = 0. We
put

xp =aps" +-- - x2 =bos™ 4+
Ml:COSNl+"', uzzeosN2+-~-.

Substituting these into (2.3)—(2.6), we find the potential dominant terms on the left- and
right-hand sides of the equations are, respectively,

aoMlsM“l : 2E11a0c0sM‘+N‘, 2E12aoeosM‘+N2, (3.1
boMos™~1: 2E10bocos™ TN, 2Eppbgeqs™ T2, 3.2)
colele1 : aole, 3.3)
eostN2_1 : bost, (3.4)

provided that M;, N; # 0. If some of the powers M; or N; are zero, the right-hand side
terms must be modified.

Lemma 3.1. None of the leading powers is zero.

Proof. We distinguish two cases.
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Case 1 (N| # N;). Without loss of generality we take N1 < N».

1. We first claim that the leading power of u is nonzero.

Assume for a contradiction that u; has zero leading power, i.e. N1 = 0. Now if x; does
not have zero leading power, then (3.1) or (3.2) implies M; — 1 = M; + Ny, giving a
contradiction. So in fact x, x> have zero leading power also. Hence u»> must be singular,
and from (2.9) we see that this contradicts the fact that the Hamiltonian is constant in s.

. Next, we claim that either both x1, x5 have zero leading power or neither does.

For if x; has zero leading power, then let R; denote the lowest nonzero power in its
expansion. It follows that:

M;+Ni =R, —1>M; —1,

so Ny > —1.
Butif x; does not have zero leading power, then M; —1 = M;+ Nj,andso Ny = —1.

. The remaining possibilities for the variables with zero leading power are {u2, x1, X2},

{x1, x2}, {uz}. In the first case u; must be singular so, as above, we get a contradiction
by considering the Hamiltonian (2.9). In the second case (3.3) and (3.4) imply that
Nj —1=M; =0 (j = 1, 2) so there is no singularity, which is a contradiction.

In the third case (3.1)—(3.3) imply that

N] Z—l, M1 2—2, —IZEUC(), M2=2C0.

As E11 = 1 — 1/d;, we see that cp < —1, so My < —2. Letting S, denote the first
nonzero power in the expansion of u;, Eq. (3.4) tells us that S — 1 = M, so M > —1
and again we have a contradiction.

Case 2 (N; = Na(= N)).

1.

If N # 0, then (3.3) and (3.4) imply N — 1 = M. So if we have a zero leading power
then N = 1, M} = M> = 0 and none of the functions will have a singularity.

If N = 0 then without loss of generality M| # 0, so we have an unbalanced power of
M — 1 on the left-hand side of (3.1).

Proposition 3.2. The possible leading terms in our expansion are

where

X1 =aps -, Xy =bos P+,
u1=cos_1+-~-, u2=eos_l+--~,
ao di
bo 1 d>
co n—1\|—-d

eo —dy
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Proof.

1. Asall the M;, N; are nonzero, we deduce from (3.3) and (3.4) that
M;=N;—1 (=1,2).
2. If N1 # N,, we may assume without loss of generality that N1 < N». Then
M; —1=M; + Ny,
S0
Ny =—1, M; = -2.
Equating coefficients of the dominant terms in (3.1), we see that
Ejico = -1,

so,as E1; = 1 — 1/d;, we deduce that c9 < —1. Equating terms in (3.2) implies M, =
2E12¢c0 = 2¢co < —2, and, using (1), this contradicts our assumption that Ny > Nj.
3. If N = N, = N, we deduce from the above (1) and (3.1) or (3.2) that

N =-1, M| =M, = -2.
(Note that E11¢0 + E12¢0 and Eq2¢0 + Exze both cannot be zero as Ej; is nonsingular.)

Equating coefficients then yields
(e e2) ()= ()
Ein Exn /) \eo —-1)°

co = —aop, ey = —by,

and

which may be solved to give the desired expressions for ag, bo, co, and eg. O

Remark 3.3. We can also ask whether there exists a solution with a Painlevé expansion
around a singularity at infinity. Taking 1/s as our new coordinate and studying the resulting
equation around s = 0, we find using similar arguments to those above that it is impossible
to make the leading powers balance, so no such expansion exists.

4. Resonances

We next find the resonances, i.e. the steps in the expansion for our variables at which free
parameters may enter.

We put
o0 o0
X1 = Zajs_2+ i, Xy = ijs_2+ e
=0 j=0
o oo
uj =chs_l+j/Q, u2=Zejs_l+-j/Q,
j=0 J=0

where Q is an integer to be determined later.
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Substituting the above into (2.3)—(2.6) leads to the recursion relations (for j > 0):

j/Q 0  —=2Epnay —2Epag aj
0 j/OQO —2Epby —2Exnb b;
-1 0 —1+j/0Q 0 cj
0 -l 0 ~1+j/0) \¢
2E (Z{;llaic]-_i> +2E1, (Z{;lla,-ej_i)
281 (SI2 bicj i) +2En (/0 bies ) || @1
0
0

We will denote the 4 x 4 matrix by X (v), where v = j/Q. The resonances are exactly the
values of v for which X (v) is singular. We calculate that

det X(v) = v =20+ wv? + (1 — )y — 2(1 + w), 4.2)
where
2
w= —1.
n—1

This quartic factorises as

(#=v+355)
w+DHwv=2)(v —v+ . 4.3)
n—1

Note that the resonance v = —1 corresponds, as usual, to the freedom in the position of
the singularity, which we have placed at s = 0 for convenience. Also notice that the set of
resonances is preserved by the map v = 1 —v. In fact the resonances v = —1, 2 correspond
to v(v — 1) = 2, while the other two resonances correspond to v(v — 1) = —=2/(n — 1).

The discriminant of the quadratic factor in (4.3) is (n — 9)/(n — 1), so we have to check
when the square root of this is rational; equivalently we have to check when (n —9)(n — 1)
is a perfect square.

Lemma 4.1. Let n be a positive integer. Then (n — 9)(n — 1) is a perfect square only if
n =9 or10.

Proof. Suppose
m=Nn—-1)=m?> meZymeZyU{0).
Let m have prime decomposition

_ ~ty 0 4
m_zopl '.'pl‘
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After reordering, we have

ZZu+1 . pZZZI

j 2L 20, __nk
n—9=2p"-p;, n—1=2"p "

)

where j + k = 2€y and min(j, k) < 3.
If j, k are both even, then n — 9 and n — 1 are squares, so n = 10. If j, k are both odd,
then %(n —9)and %(n — 1) are squares, son = 9. a

We summarise our conclusions as follows.

Theorem 4.2. In all cases of (1), two of the resonances are —1 and 2.

Ifn < 9, then the other two resonances are complex.
Ifn =9, they are both %

Ifn = 10, they are % and %

If n > 10, they are real but irrational.

Sl e

5. Compatibility conditions

We shall now focus on the cases of (I) when the resonances are rational, i.e. n = 9, 10.
The values of the resonances in these cases suggest that we seek expansions in powers of
s1/2if n = 9, and powers of s!/3 if n = 10. That is, in (4.1) we take Q = 2 forn = 9 and
Q =3forn = 10.

We must check whether the recursion relations for these expansions can be solved at the
steps corresponding to resonances. For future reference, we describe the kernel of X (v) and
its transpose when v is a resonance.

If v(v — 1) = 2, then ker X (v) and ker X (v)T are spanned by

v —1Dd; 1
v —1d> 1
d1 ' v ’
d v
respectively.

Ifviv—1)=—-2/(n — 1) then ker X (v) and ker X)T are spanned by

v—1 d
1—v —d
1 ' vdy '
—1 —vd]
respectively.

Case 1 (n = 9). In this case we have Q = 2. The resonances v = % and v = 2 therefore
correspond to the stages j = 1 and j = 4 in the recursion.
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At j = 1 we just take (aj b c1 e1)T to be an element of the kernel of X(%). For the
remaining values of j except for j = 4, X (% j) is invertible. So the only question is
whether the recursion can be solved at j = 4.

We claim that this is always possible. In fact the following lemma only uses the condition

j=20.

Lemma 5.1. Assuming that the compatibility conditions at all earlier steps hold, then the
compatibility condition at the top resonance v = 2 also holds.

Proof. We need to show that the vector on the right-hand side of (4.1) is orthogonal to the
kernel of X (2)T, where j = 2Q. This is equivalent to the vanishing of

j—1 j—1 j—1 j—1
Ellzaicj—i + EIZZaiej—i + EIZZbiCj—i + Ezzzbiej—i,
i=1 i=1 i=1 i=1

which, by the last two rows of (4.1), equals

E112< )C;C, l—l-Elzz (?—1) ciej—i

i=1

+EIZZ( )elc] 1+E222 (§_1>etej —i-

i=1

The first and fourth sums on the right-hand side above are 0. To see this, we have for the
first sum

X_:( >c,c,,=li<j;—1>c,_,-c,~

=1 i=1

j—1 ; .
= Z <2 - E - l) Cj—iCi = (— — l) CiCj—j-.
i=1

A similar computation applies to the fourth sum. Finally, the second and third sums cancel
each other since

j—1 . j—1 . . j—1 .
Z (é - 1> ciej_j = Z <] Q_Zl - 1> Cj—iej = Z <1 — IE) Cj—i€j. O

i=1 i=1 i=1

M\

So we have a three-parameter family of formal solutions; one parameter comes from the
position of the singularity, the other two from the resonances at j = 1,4 (i.e. atv = %, 2).
(in order to obtain a family of solutions involving the full four parameters one also needs
to consider solutions with logarithmic terms).

Case 2 (n = 10). In this case, Q = 3, and the positive resonances are v = %, %, 2,
corresponding to the steps j = 1, 2, 6 in the recursion.
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The recursion relation at j = 1 just says that (a1 by c1 e1)T lies in the kernel of X (%). So
we take

2

aj -3

by 2
=l 3 |,

c1 1

el -1

where A is an arbitrary scalar.
The compatibility condition at j = 2 is

2a1(E1c1 + Eqze)

5 5 2b1(E12¢1 + Exer)
(dy —di 3dr —3di) 0 =0.

0
If X is nonzero, this simplifies to
dy(E1r — En) +di(E12 — Ex) =0,
which is equivalent to
dy = ds.

Soif di = d» = 5, then we can always solve at j = 2. Otherwise, we can only solve if
we take the parameter A from the step j = 1 to be zero.

It remains to check solvability at the top resonance j = 6. But this again follows from
Lemma 5.1.

So if di = d» = 5, we have four parameters for our series solution (one from each
resonance and one for the position of the singularity). For other values of d;, d» withn = 10
we only have three parameters, from the singularity position and the resonances v = %, 2.

6. Convergence and conclusions

We shall now check that the formal series solutions obtained in the previous section
actually represent genuine solutions on some open set.

We can check from our expression for X (v) that the entries of X (v)~! are all O(1/v).
In fact the entries of the matrix of cofactors are polynomials in v of degree at most three,
while the determinant of X (v) is a quartic polynomial in v given by (4.2). Recalling that
v = 2 is the largest resonance, and that v = j/Q where Q = 2 or 3, we can therefore find
a constant p such that

X)) < % V> 2. ©6.1)
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We denote by x; the vector (a;, b, ¢j, ej). Letk = 2(E11 + E22 +2E12). Now choose
o such that

Il < (ui)'~1p! (6.2)

for i up to and including the last resonance.
We claim that if the estimate (6.2) holds for i < j — 1, where j is greater than the last
resonance, it also holds for i = j. For, the recursion relation (4.1) tells us that

Xj = X(v)_lvj,
where v; is given by the right-hand side of (4.1). Now

IV IIS@E12 +2E11 + 2E0) (=D () ™ o' (i) ™~ p/ 7T <(j = D! T p!
so, from (6.1)

%1 < X )71 < Gue) =" o,

proving the claim.

It now follows by induction that the estimate (6.2) holds for all i. Therefore the formal
series solutions we have found are actually of the form f(s!/ ), (f (s, respectively),
where f is given by a Laurent series convergent on a punctured disc about the origin.

Combining the above and the results in the previous sections, we obtain the following
theorem.

Theorem 6.1. Consider the system of equations (2.3)—(2.6) with E given by (2.7).

1. If n # 9, 10, there are only two rational resonances.

2. Ifn =9 or 10, all resonances are rational. If d| = d» = 5 we have a family of solutions
meromorphic in a rational power of s, depending on the full number of parameters (i.e.
four). Otherwise, we have a three-parameter family of such solutions.

The Einstein equations (with zero Einstein constant) for the doubly warped product metric

dr* + fi()?g1 ® f2() g, (6.3)

where (Y;, g;) are Einstein, nonRicci-flat, metrics, are equivalent to (2.3)—(2.6) with the
added constraint that the flow should lie in the zero level set of the Hamiltonian H. We shall
see in Section 8 that imposing the constraint H = 0 corresponds to fixing the parameter
corresponding to the resonance v = 2.

So the Painlevé analysis suggests that the Einstein equations for metrics of the form (6.3)
should be more tractable in dimension 10 and 11 than in other dimensions, and should be
particularly well-behaved when d; = dp = 5.

Remark 6.2. In [5,6] we looked for conserved quantities for the Einstein
equations. In particular, we looked for solutions F, ¢ to Eq. (1.2), where F, ¢ are given by
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expansions
F=Y Fett,  ¢= gpe,
beR” beR”

and Fy, ¢ are polynomial in p;, and are zero for all but finitely many b. We defined the
level of btobe > _ b;.

Let us now specialise to case (I) of Section 1. As mentioned there, we were able in our
earlier paper [6] to construct a conserved quantity for the three values of dy, d> given in
(1.3). We did this by exploiting a factorisation

J=1(-VJ)o,

where c lies on the null cone of J, and 6 is a certain linear form in p;. In the expansions for
the solutions F, ¢ to (1.2), ¢ was a vector of minimal level.
Now, the factorisation of J may be written as

nin—1DJ = (24— Dp1 — 1A+ 1D)p2)(d1A — Dp2 — (d2A+ 1D p1),

where A = /(n — 1)/d\d,. A necessary condition to get conserved quantities involving ra-
tional powers of p;, e from this strategy will therefore be that A is rational, or equivalently
that did>(n — 1) is a perfect square.

If we now combine this condition with the requirement suggested by Painlevé analysis
thatn + 1 = 10 or 11, we are left with precisely the three cases (1.3) studied in [6]. One of
these cases is that of dj = dp = 5.

7. The second family

Now we turn to case (II) of Section 1 when E is given by (2.8) in Egs. (2.3)—(2.6). We
first observe that if d, = 2, then E|> = 0, and so the equations decouple and are trivially
integrable. The case when d; = 1 corresponds to the Bérard Bergery—Page—Pope examples
and the case dy = 1 is ruled out by the assumption that A, # 0. Therefore, we will exclude
these special dimensions from now on.

Performing computations similar to those in Sections 3 and 4, we now find that all leading
exponents must be nonzero and that there are three possibilities for the leading terms of a
Painlevé expansion as follows:

1. Ni = Ns.
M -2 ap n—+d;
M, -2 bo 1 —d
Ni - | o Con—1 —n —dj ,

N> -1 2 d
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2. N; < Nj.
9 d>
M a
d) —2 dr) — 1
My | -2 d—1 bo | | Naeo
Ny B -1 ' o B dy '
N2 3— d2 €0 1 ; d2
d) — 1 0
where e is a free parameter.
3. Np < Nj.
2di(dy — 2) Nico
M 4dy + dy — did> do —didy
M, ) bo 4d) + dr — didy
N dy(dy + 1) < <
N> 4dy + dp — didy eo did»
-1 4d, + db — d1d

where cg is a free parameter and 4d; + d> — d1d> must be positive in order to arrange
that N» < Nj. Note also that Ny = M| + 1.

Case (1) is similar to that discussed in the previous sections. The recursion relation is
again (4.1), but with the new values for ag, by, and E;;. The determinant of the coefficient
matrix X (v), where v = j/Q, factorises as

W+ D =2)(w? — v+ 1),
where
_ 2 (),
= 1—n d )’

The upshot is that we have four rational roots if

(n — Dda((n — Dda + 8(n +d1)) (7.1)

is a perfect square, and only two rational roots otherwise. In the former case, we have exactly
two positive resonances (v = 2 and one of the roots of v> — v + 1). The compatibility
condition always holds as in Lemma 5.1, so we have a three-parameter Painlevé expansion.
The proof of convergence in Section 6 carries over provided that we take absolute values
of Ej; in the definition of «.

Remark 7.1. We do not know how to generate in closed form all (d;, d») so that (7.1) is
a square. Certainly this is the case when d; = 1 or when d» = 2. One can also check that
it is a square when d;(d> — 9) = 4d>, which is the condition under which we were able to
produce generalised first integrals in [6] for this family. However, one can also check that
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there are other solutions of the rationality condition (7.1), e.g. (d1, d2) = (23, 32), (49, 50),
(56, 70), (42, 128), (49, 121).

In case (2), the recursion is

v 0 —2FEpa9 0 aj
0 v —2E13bg 0 b
-1 0 v—1 0 Cj
0 -1 0 v+ Ny ej

j—1 j—Q(Ny+1
2B (Z'f:] a,-c,-_,») +2Ep (Z‘i’:oQ( " )aiej—Q(Nz+1)—i>

i—1 i—Q(Na+1
_ | 2En (Z,Ll biCj—i) +2Exn (Z,LOQ( > )biej—Q(Nz-i-l)—i)

(7.2)
0
0

The resonances are now found to be —1, 0, —N>, 2 (the resonance v = 0 corresponds to

the freedom in the choice of eg). Note that — N, = (dy — 3)/(dy — 1), so if d is even it is
natural to take

Q = d2 - 11
and hence
N2Q =3 —ds, ONy +1)=2.

One then checks that ker(X (—N>)) and ker(X (—N>)T) are spanned, respectively, by

0 (d2 — 1)(d2 — 3)eo
0 dy(dy + 1)
ol (d> — 3)%eg

1 —Nadr(dr + 1)

and ker(X (2)) and ker(X (2)T) are spanned, respectively, by

dr+1 1
(d2+ 1) En2bo 0
dr + 1 2
(d2 — 1) E12bo 0

Lemma 7.2. The compatibility condition at v = — N, is always satisfied if d; is even.
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Proof. The vector on the right-hand side of the recursion at this stage (i.e. j = —N2Q) is
EnY " aica,—s-i + EnY. 2 aieay—s—i
EnY " bica,3-i + EnY 2 bieay—s5—i
0
0

2 (7.3)

An induction using the recursion relation (7.2) shows that a;, b;, ¢;, e; vanish for all odd i
less than — N, Q = dp — 3. Since dj is even, it now follows that the each of the four sums
in (7.3) vanishes, proving that the compatibility condition holds. O

Remark 7.3. When d, is odd, the compatibility condition at v = —N; is not always
satisfied. We now take Q to be %(dz — 1) and so Q(N, + 1) = 1 instead. Since N, # 0,
we have d» # 3. Whend, =5, —N>Q = 1, and the compatibility condition is given by

G- - 3)E12a0e8 + 505 + 1)Ex»bgey = 0.

Substituting the values of the constants on the left-hand side, one obtains 3(1 +5/d;) > 0.

Indeed, one may use MAPLE to compute the compatibility condition at v = —N; for
larger odd values of dp. Writing dy = 2k + 3, the compatibility condition is, up to a factor
of the form Ckngr]df k. where Cy is a nonzero constant, a polynomial of degree k in d
with integer coefficients. Hence the compatibility condition is satisfied whenever we have
a root of this polynomial which is a positive integer. Checking the roots using MAPLE for
dr < 45 we find that there are always precisely two rational roots: —d> and 4d»/(d> — 9).
Therefore the compatibility condition holds for those values of d; and d» for which we
found generalised first integrals in [6, Section 5].

Lemma 7.4. The compatibility condition at v = 2 holds assuming that all earlier recursion
relations hold.

Proof. We first give the proof in the case when d5 is even.
The conditionatv =2 (i.e. j =2Q)is

20-1 20-2

En Y aicapi+En Y aiezgai =0.
i=1 i=0

Now, using the relation a; = (i/Q — 1)¢; from (7.2), and an argument similar to that in
Lemma 5.1, we find that the first sum is zero. The second sum becomes

20-2

En)y. (’— - 1) cierg-2-i- 74)
i=0 Q

Notice that in the above step we have not used the parity of d>.
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In order to show that (7.4) is zero, we use the second equation coming from the recursion
at j =20 — 2. Thatis

20 -2 20-3 204
( 0 ) bro—2 —2E12bpc20-2 =2E1 Z bicop—2—i +2E»n Z biexg_a—i.
i=1 i=0
(7.5)
The rightmost sum may be rewritten as
20-4 . 20-4 .
i i+2
lZ:; (Nz + 5) ejerg_4—i = ; (7 - 1) ejexp—4-;.
We can now change to a new index k = 2Q — 4 — i, and the sum becomes
gy k+2
Z 1- ererQ—4—k-
i=0 Q
This shows that the rightmost sum in (7.5) is zero.
Eq. (7.5) is now equivalent to
20 — 2) < 20 — 2>
Ny + e20-2 —2E12boc20-2
< 0 0 0 0
20-3 ;
=2Ep Y (Nz + —) €ic20-2—i
i=1 Q
which can be rewritten as
20-3 .
20 -2 i+2
( )ezQ—z —2E12boc2g—2 =2E12 Z (— - 1) €202
0 = 0
Next we let k = 2Q — 2 — i, and obtain
20-3
20 -2 k
( )62Q2 —2E12bpcrg—2 =2E Z (1 - —> 20-2—kCk-
Q k=1 Q
Using our expressions for by, cg, €p, and E12, we see that this is
20-3
20 -2 k
—2Eperp-2co —2E12 <1 i )6002Q—2 =2E; Z <1 - E) €20-2—kCk,
k=1

yielding the vanishing of (7.4) as required.

If d> is odd, then Q = %(dz — 1). If all earlier recursion relations hold, then using again
the second equation of the recursion at j = dy — 2 = 2Q — 1 in place of (7.5) in an
analogous computation will give us the desired result. O
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In case (3) the recursion relation is given by

v 0 0 —2E2a9 aj
0 v 0 —2E»bg b
-1 0 v+MN 0 Cj
0 -1 0 v—1 ej

i1 i—O(N;+1
2En(Y I aiej—) +2E11(Zf:0Q( i )aicij(N1+1)fi)

| 2En(T biej ) + 2B (2 ™M bici w1 (7.6)
0

0

The resonances are —1, 0, —N; and 2. Since — N is negative, we get at most a three-
parameter family of Painlevé solutions. We will show below that we always get exactly a
three-parameter family of such solutions, which are actually meromorphic if dp > 3.

First we observe that the condition 4d; 4+ dy — didy > 0 can be rewritten as

4 —dy)d) > —dy,

and if d» > 4, then we have

d <1+

dy — 4"
Since we are excluding the values d; = 1 and d» = 1, 2, we obtain Table 1 of possible
values.

Hence N1 + 1 = Mj + 2 is a positive integer for 4 < d, < 7 and in these cases we can
take Q in the Painlevé expansions to be 1. We can take Q = 1 as well when d, = 3 = d.
In these cases, note that N1 + 1 > 3 and resonance occurs at j = 2. Since the right-hand
side of (7.6) is 0 when j = 1, it follows that a; = b; = ¢1 = e; = 0. Hence the right-hand
side of (7.6) at j = 2 is also 0. So the compatibility condition holds automatically.

It remains to consider the case whend, = 3 andd; > 3.Itis natural to choose Q = d;+3,
but in any case we need to have 2 = jo/Q and Ny + 1 = j;/Q for positive integers jo and
j1.Because Ny + 1 =22d; +3)/(d; +3) > 2, we have jy < j; = Q(N; + 1). Since the

Table 1

d d; n 4dy + dr — dd; M

3 di d;+3 di+3 2dy/(d1 +3)
4 di di+4 4 di

5 2 7 3 4

5 3 8 2 9

5 4 9 1 24

6 2 8 2 8

7 2 9 1 20
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kernel of the transpose of the coefficient matrix in (7.6) for v = 2 is spanned by (0, 1, 0, 2),
the compatibility condition is given by

Jo—1

ZbieJO*i =0.
i=0

That this holds now follows from the argument in the proof of Lemma 5.1.

Remark 7.5. The convergence proof of Section 6 will again work in cases (2) and (3),
provided we let « = 2(|E11]| + | E22]| + 2| E12|) and choose i, p so that uk, p > 1. (This is
to ensure that the (uk)’~*, p/=2 terms in the estimate for the right-hand side of (7.2) are
dominated by (uk)? 2, p/.)

In summary we obtain the following:

Theorem 7.6. The system of equations given by (2.3)—(2.6), with E given by (2.8), has a
maximal family of solutions meromorphic in a rational power of s if one of the following
conditions holds:

1. dy is even
2. di(dy —9) = 4dy, ie. (dy,dy) = (5,45), (6,27), (7,21), (8, 18), (10, 15), (13, 13),
(16, 12), (22, 11), (40, 10). (These are the examples of [6].)

Remark 7.7. When d» = 2m, the system (2.3)—(2.6) can be realised geometrically when-
ever there are m — d; — 1 linearly independent vector fields on $”~!. (In particular, d; =
m — 1 is always possible and if d| < m — 1, then m should be even.) To see this one can
simply modify the arguments on [6, pp. 240-241], replacing the vector € by m —d; mutually
orthogonal vectors of the form

+e +--- L€y,

where €1, ..., €, is the standard basis of R™. Such a set of vectors can be obtained by
evaluating the orthogonal vector fields coming from the Clifford module structure of R™
(over the Clifford algebra of R”~41~1) at the point (1, ..., 1) € ™71,

8. Concluding remarks

We would now like to relate the series solutions of the system (2.3)—(2.6) that we have
obtained to solutions of the Ricci-flat Einstein equations.

First we observe that fixing the free parameter at the top resonance (v = 2) of our Painlevé
solutions is equivalent to satisfying the constraint condition H=0. By Proposition 2.1 we
therefore obtain local solutions of the original Ricci-flat equations.

For example, in cases (I) and II(1), the constraint equation can be written as
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k-1 k-1 k-1
ax + bg + 2c; + 2, = EuZCjCk—j + 2E12ZCjek—j + Ezzzejek—j,
j=1 =1 =1

wherev = k/Q = 2. The kernel of the recursion operator X (2) is spanned by (co, e, co, €0).
So the constraint can be satisfied provided that

(17 1a 27 2) ° (607 €q, €O, eO) 7é 0

But the left-hand side is

3 1 1

which is clearly nonzero. The arguments for cases I1(2) and II(3) are similar.
Next we analyse the local Ricci-flat metrics given by the Painlevé solutions which satisfy
the constraint H = 0. First we consider case (I). We have

2= U= bf=l) 2 /D) (=d/ D)

It follows that
dr = /1= (analytic function in s 170y gs,

and hence we have —t ~ s//(=™ Ag s tends to 0, the arclength coordinate ¢ tends to
negative infinity. So the metric is complete at infinity. Moreover, fi2 are of the form 2
(analytic function in (—=1)~1) and the volume growth is Euclidean. Indeed, our expressions
for the leading terms are themselves an exact solution of (2.3)—(2.6), corresponding to the
Ricci-flat cone over the product Einstein metric on Y7 x Y2. Modulo homothety then, we
have a one-parameter family of solutions when d; = d» = 5 and one solution in the other
cases.
For case (II) we have

f12 — xi2—dz)/(n—l)xédz—l)/(n—l)’ f22 — x§d1+1)/(n—1)x2—d1/(n—1).

In subcase (1) we obtain the same conclusions as in case (I) with the exception that fl.2
could be of the form % (analytic function in (—7) /%), where kg is a positive integer.
For subcase (2), we have

dr = s/(1-d) (analytic function in s 170y gs,

and so —t ~ s!/(1=42) Tt follows that as s tends to 0, the arclength 7 tends to minus infinity.
So the metric is complete at infinity. Moreover, f12 is an analytic functionin (—¢)~! while f22
is of the form 2 (analytic function in (=)~ 1. The volume growth is therefore ~ (=1)d2HL,
as in the Euclidean Taub-NUT space. Modulo homothety we would have a one-parameter
family of such solutions.

Finally for subcase (3), as s tends to 0, the arclength ¢ tends to a finite limit #9. Moreover,
f12 ~(t— to)—Zdz/(4d1 +d) while f22 ~(t— t0)4d|/(4d1 +d2)
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